The notion of abelian kernel of a finite monoid extends the notion of derived subgroup of a finite group. Extensions to finite monoids of the notions of solvable group and derived length of a solvable group appear then naturally. In this paper we study these notions for some classes of finite monoids.
Introduction and Preliminaries
In this paper we do not make a clear distinction between what is introduction and preliminaries. In fact, we have decided to put it all in a single section which is divided into 3 subsections. The first, concerning kernels of finite monoids and related properties, should mainly serve as a general motivation for the study that we will do later with some particular classes of monoids. In the second subsection are introduced those classes of monoids. * author's second address: centro deálgebra da universidade de lisboa, av.
prof. gama pinto, 2, 1649-003 lisboa, portugal A little history on studies made involving these monoids should make clear its importance. In the third subsection, we give some precise definitions and state some results needed later.
All monoids considered in this paper are assumed to be finite.
Kernels and related properties
A conjecture of J. Rhodes, which became known as the Type II Conjecture, attracted the attention of many Semigroup Theorists during about two decades before being solved. Its first solution, given by Ash [10] , appeared in the early nineties. Almost at the same time an independent solution was given by Ribes and Zalesskiȋ [48] . For motivation, history and some consequences of the type II conjecture we refer the reader to [38] . A recent proof of the type II conjecture was given by Auinger [12] . The techniques used by Ash and by Ribes and Zalesskiȋ in their solutions are seemingly very different (although some connections between them have been found [19, 7] ): algebraic-combinatorial methods in Ash's solution, while profinite methods play a crucial role in Ribes and Zalesskiȋ's solution. Ash's and Ribes and Zalesskiȋ's solutions involve (and are themselves) deep results and brought many new ideas into semigroup theory. But they attracted also the attention of researchers of other areas of Mathematics, such as Model Theory, as may be inferred by works of Herwig and Lascar [39] (see also [4, 5] ) and Coulbois [15, 16] .
The type II conjecture proposed an algorithm to compute the kernel of a finite monoid, where the notion of kernel was taken relative to the pseudovariety G of all finite groups. This notion, to be defined below, can be given relative to any other pseudovariety of groups exactly in the same way.
The problem of computing the kernel of a finite monoid relative to a pseudovariety H of groups happens to be a particular instance of the widely studied hyperdecidability [2] or tameness [8] properties of H: a tame pseudovariety H of groups is hyperdecidable too and the kernel relative to a hyperdecidable pseudovariety of groups is computable. Although kernels have to be relative to pseudovarieties of groups, tameness and hyperdecidability are defined more generally, for pseudovarieties of semigroups. Among the pseudovarieties of groups that have been considered in connection with these properties, we refer the pseudovariety G (although using other terminology, Ash's paper [10] essentially proves its tameness (see [7] )), the pseudovariety G p of all finite p-groups where p is a prime (was studied by Steinberg [49] and Almeida [3] who proved its tameness) and the pseudovariety Ab of all finite abelian groups (appears in several papers (co-)authored by the first author [18, 19, 6] ; the joint work with Almeida proves the tameness of Ab).
The kernel of a monoid relative to the pseudovariety Ab will be called abelian kernel.
The feasibility in practice of an algorithm to compute the abelian kernel of a monoid has also interested the first author [20, 26] and an implementation in GAP [50] of an algorithm with the purpose of computing abelian kernels of finite monoids is currently part of a package that is currently being prepared [21] . Computations achieved using this software helped us to create the necessary intuition to formulate and prove some of the results used in this paper (most of them proved elsewhere).
We assume some knowledge on semigroups, mainly on Green's relations and inverse semigroups. Possible references are [43, 44] . For the basics on kernels in general and abelian kernels in particular, we refer the reader to [38] and [18] respectively.
It is not difficult to prove [18] (see also [23] ) that the abelian kernel of a group G is precisely its derived subgroup G . It is also easy to see that the abelian kernel of a finite monoid is a submonoid containing the idempotents (in fact, this happens when the kernel relative to any pseudovariety of groups is considered). Moreover, the kernel relative to any pseudovariety of groups of an inverse monoid is an inverse submonoid [23] . It follows that computing the abelian kernel of a monoid can be iterated successively and the result always contains the submonoid generated by the idempotents of the original monoid. Since the notion of derived subgroup leads to the notion of solvable group, it is quite natural to extend the notion of solvability of a finite group to a finite monoid making use of the abelian kernel: a finite monoid M is solvable if, starting with M and iterating the computation of the abelian kernel one reaches, in a finite number of steps, the submonoid generated by the idempotents. Natural problems on solvable groups have now their counterpart on solvable monoids. For instance, the determination of the derived length of a solvable group has the "determination of the abelian kernel length" as monoid counterpart. In this paper we treat this problem for the transformation monoids that are the subject of next subsection.
On some transformation monoids
Let n ∈ N. Let X n be a chain with n elements. By default we take X n = {1 < 2 < · · · < n}. As usual, we denote by PT n the monoid of all (partial) transformations of X n (under composition), by T n the submonoid of PT n of all full transformations of X n , by I n the symmetric inverse semigroup on X n , i.e. the submonoid of PT n of all injective transformations of X n , and by S n the symmetric group on X n , i.e. the subgroup of PT n of all injective full transformations (permutations) of X n .
We say that a transformation s in PT n is order-preserving if, for all x, y ∈ Dom(s), x ≤ y implies xs ≤ ys, and order-reversing if, for all x, y ∈ Dom(s), x ≤ y implies xs ≥ ys. An immediate but important property is that the product of two order-preserving transformations or two order-reversing transformations is an order-preserving transformation and the product of an order-preserving transformation with an order-reversing transformation, or vice-versa, is an order-reversing transformation. We denote by PO n the submonoid of PT n of all order-preserving transformations and by POD n the submonoid of PT n of all order-preserving transformations together with all order-reversing transformations. The full transformation counterparts are O n , the submonoid of PO n of all (orderpreserving) full transformations, and OD n , the submonoid of POD n of all (order-preserving or order-reversing) full transformations. We have also the injective versions: POI n , the inverse submonoid of I n of all orderpreserving transformations; and PODI n , the inverse submonoid of I n whose elements belong to POD n .
The order preserving or reversing notions can be generalized in the following way: let c = (c 1 , c 2 , . . . , c t ) be a sequence of t (t ≥ 0) elements from the chain X n and say that c is cyclic (respectively, anti-cyclic) if there exists no more than one index i ∈ {1, . . . , t} such that c i > c i+1 (respectively, c i < c i+1 ), where c t+1 = c 1 . Then, given s ∈ PT n such that Dom(s) = {a 1 , . . . , a t }, with t ≥ 0 and a 1 < · · · < a t , we say that s is an orientationpreserving (respectively, orientation-reversing) transformation if the sequence of its images (a 1 s, . . . , a t s) is cyclic (respectively, anti-cyclic). As in the order case, the product of two orientation-preserving transformations or of two orientation-reversing transformations is an orientationpreserving transformation and the product of an orientation-preserving transformation by an orientation-reversing transformation, or vice-versa, is an orientation-reversing transformation. We denote by POP n the submonoid of PT n of all orientation-preserving transformations and by POR n the submonoid of PT n of all orientation-preserving transformations together with all orientation-reversing transformations. The full transformation and injective transformation counterparts are: OP n , the submonoid of POP n of all (orientation-preserving) full transformations; OR n , the submonoid of POR n of all (orientation-preserving or orientation-reversing) full transformations; POPI n , the inverse submonoid of I n whose elements are all orientation-preserving transformations; and PORI n , the inverse submonoid of I n whose elements belong to POR n .
We have the following diagram with respect to the inclusion (submonoid) relation: (denoting by 1 the trivial monoid and by C n the cyclic group of order n).
Some of these monoids of transformations have been studied since the sixties. In fact, presentations for O n and PO n were established respectively by Aȋzenštat [1] in 1962 and by Popova [46] in the same year. Some years later (1971) Howie [42] studied some combinatorial and algebraic properties of O n and, in 1992, Gomes and Howie [37] established some more properties of O n , namely its rank and idempotent rank. Also in [37] the monoid PO n was studied. The monoid O n played also a main role in several other papers [40, 51, 9, 28, 47, 34] where the central topic concerns the problem of the decidability of the pseudovariety generated by the family {O n | n ∈ N}. This question was posed by J.-E. Pin in 1987 in the "Szeged International Semigroup Colloquium" and, as far as we know, is still unanswered.
The monoid POI n has been studied since 1997 by the second author in various papers [28, 29, 31, 32, 34] and also by Cowan and Reilly in [17] .
The notion of an orientation-preserving transformation was introduced by McAlister in [45] and also by Catarino and Higgins [14] , who have stud-ied several properties of the monoid OP n . The monoid OP n was also considered in [13, 11, 33] . The injective counterpart of OP n , the monoid POPI n , was studied by the second author in [30, 33] .
Recently, some properties of the monoids PODI n , POPI n and PORI n were studied by the second author, Gomes and Jesus in [35] .
Finally, in [36] the monoids OD n , POD n , POP n and POR n were the objects in study. In particular, presentations for them all were given.
It remains to remark that the papers mentioned above are not all concerning the monoids in Diagram 1. Many other papers were written in the past four decades about order-preserving transformation monoids and some of its extensions.
The authors themselves have already considered the inverse monoids of Diagram 1. In particular, the abelian kernels of POI n and of POPI n were determined in [22] and the abelian kernels of PODI n , PORI n and I n in [24] . In [23] it is shown, in particular, that a monoid M whose idempotents commute is solvable exactly when all subgroups of M are solvable. This result was generalized in [25] : it is valid for monoids whose idempotents generate an aperiodic semigroup. Since all subgroups of the monoids in Diagram 1 not containing S n are solvable, one gets immediately that the monoids POI n , POPI n , PODI n and PORI n are solvable as they are inverse and so their idempotents commute.
Some definitions and results

Given monoids M and N , a relational morphism of monoids
Clearly, τ can be viewed as a subset of M × N (i.e., a relation from M to N ) satisfying certain conditions. Homomorphisms, viewed as relations, and inverses of onto homomorphisms are examples of relational morphisms.
The abelian kernel of a monoid M is the submonoid K Ab (M ) = τ −1 (1), with the intersection being taken over all relational morphisms τ : M −→ • G, with G ∈ Ab. Replacing Ab by any other pseudovariety H of groups, one obtains the definition of kernel relative to H.
As already mentioned, the abelian kernel of a finite group is a well known subgroup:
The abelian kernel of a finite group G is precisely its derived subgroup G .
Thus, as one example, one can easily check [27] that the abelian kernel of the dihedral group G = g, h | h 2 = g n = 1, gh = hg −1 of order 2n is the subgroup g 2 generated by g 2 . A finite group G is said to be solvable if there exists a non negative integer n such that the n th derived subgroup reduces to the neutral element of G. When such an n exists, the least one is said to be the derived length of G.
It is easy to see (and is stated in several of our references) that the kernel (relative to any pseudovariety of groups) of a finite monoid is a submonoid containing the idempotents. Thus we can define recursively K (n) Ab (M ) as follows:
Denoting by E(M ) the set of idempotents of M , we have that, for any positive integer n,
In analogy with the group case, we say that M is solvable if K (n) Ab (M ) = E(M ) , for some non-negative integer n. In analogy with the group case again, when such an n exists, the least one is said to be the abelian kernel length of M . We denote this non-negative integer by Ab (M ).
Clearly, for a solvable group G, Ab (G) is the derived length of G. In particular, if G is a non-trivial abelian group then Ab (G) = 1. On the other hand, bands and, more generally, idempotent generated monoids have abelian kernel length equal to zero.
Next we recall some results, proved by the authors in earlier papers, which will be used in the sequel.
Theorem 1.2.
[24] Let T be a monoid, let x 1 , x 2 , . . . , x k , y be a set of generators of T such that y 2 = 1 and let S be the submonoid of T generated by x 1 , x 2 , . . . , x k . If for each i ∈ {1, . . . , k} there exists u i ∈ S such that
Another result that we will need later on is:
Let M be a monoid that is a disjoint union of a submonoid N and an ideal. Then
In fact, we will use the following particular case of this result: Previous proposition was the basis for the proof of the already mentioned more general analogous for semigroups whose idempotents commute [23] . A different proof for an even more general result (which holds for semigroups whose idempotents generate an aperiodic semigroup) was given in [25] . This ends the section concerning the introduction and preliminaries.
The following section is devoted to a general result that gives a bound for the abelian kernel length of a finite solvable monoid.
The paper has then two more sections, the first of which is devoted to the inverse monoids of the above diagram; the second is devoted to the non-inverse ones.
The abelian kernel length of a solvable monoid
In this section we present an upper bound for the abelian kernel length of a solvable inverse monoid M . It is not difficult to see (it is the easy part of Proposition 1.6) that all subgroups of M must be solvable: moreover, all submonoids of M must be solvable.
For a non-trivial J-class J of M denote by (J) the maximum size of a ≤ J -chain of non-trivial J-classes of M having J as the ≤ J -minimum. Denote by Ω(J) the subset of M/J of all non-trivial J-classes J such that (J ) = (J) and by λ(J) the maximum of the derived lengths of the maximal subgroups of M contained in some J ∈ Ω(J). Notice that two distinct elements of Ω(J) are not ≤ J -comparable.
We are now prepared to state the following result:
Proposition 2.1. Let M be a solvable inverse monoid and let
Proof. We proceed by induction on the maximum size k of a ≤ J -chain of non-trivial J-classes of M . First, notice that if M has only trivial J-classes, i.e. if M is a semilattice, then the inequality reduces to Ab (M ) ≤ 0, which is trivially valid.
So we may suppose that M has non-trivial J-classes, i.e. k ≥ 1, and assume, by induction hypothesis, the validness of the inequality for any (solvable inverse) monoid which has k − 1 as the maximum size of a ≤ Jchain of non-trivial J-classes.
Then N is an inverse submonoid of M whose Green relation J coincides with the restriction to N of the Green relation J on M and {J 1 < J J 2 < J · · · < J J k−1 } is a ≤ J -chain of maximum size of non-trivial J-classes of N . Also, given a non-trivial J-class J of N , the value λ(J) calculated in N coincides with the value λ(J) considered in M .
Since N is solvable, by induction hypothesis, we have
Then J is ≤ J -maximal among the non-trivial Jclasses of M and so, by Proposition 1.5, an element of J belongs to K Ab (M ) if and only if it belongs to the derived subgroup of a maximal subgroup of J. Observe that, if λ(J k ) = 0 (respectively, λ(J k ) = 1), then the subgroups of M contained in J are trivial (respectively, trivial or abelian) and so J ∩ K Ab (M ) consists entirely of idempotents. Since a non-trivial derived subgroup of a maximal subgroup of M contained in J is still a ≤ J -maximal J-class among the non-trivial J-classes of K Ab (M ), and the same occurs if we iterate successively the operator K Ab , then it suffices to iterate the operator K Ab more max{0, λ(J k ) − 1} times to obtain among the elements of the last iterated kernel that belong to J just the idempotents, i.e. J ∩ K We have then an immediate, but useful, consequence: Corollary 2.2. Let M be an inverse monoid all of whose subgroups are abelian and let k be the maximum size of a ≤ J -chain of non-trivial J-classes of M . Then M is solvable and Ab (M ) ≤ k.
On some inverse monoids
In this section, we consider the inverse members of the family of transformation monoids given by Diagram 1, i.e.
the monoids of injective transformations. Notice that C n can be defined as the (cyclic) group generated by the permutation (n-cycle)
Our aim is to investigate the abelian kernel lengths of the monoids of Diagram 2. As C n is an abelian group we have Ab (C n ) = 1. As 1 denotes the trivial group we have Ab (1) = 0. Computations show that Ab (I 3 ) = 2 and Ab (I 4 ) = 3. Notice that Ab (I n ) is not defined for n ≥ 5 since for such n's these monoids are not solvable. It remains to consider the monoids POI n , PODI n , POPI n and PORI n . We start by observing that all these inverse monoids have a similar Jclass structure (indeed the same is valid for all monoids of Diagram 1): let M be any of the monoids POI n , PODI n , POPI n or PORI n . Then
where J k , for k ∈ {0, 1, . . . , n}, consists of all elements of M of rank k, i.e. J k = {s ∈ M | | Im(s)| = k}. Notice that the J-classes J 1 , . . . , J n−1 are non-trivial. Furthermore, the maximal subgroups of M are abelian (cyclic), except for M = PORI n , which contains also dihedral groups (see [28, 30, 31, 35] ). Thus, all subgroups of M are solvable and, since M is an inverse monoid, by Proposition 1.6, the monoid M is solvable. Moreover, POI n is aperiodic [28, 31] (and so, in this case, its group of units J n is trivial); the group of units J n of PODI n is the cyclic group h of order two generated by the permutation
and PODI n is generated by POI n ∪ {h} [35] ; the group of units J n of POPI n is the order n cyclic group C n generated by the n-cycle permutation g and POPI n is generated by POI n ∪ {g} [30] ; and, at last, for n ≥ 3, the group of units J n of PORI n is the order 2n dihedral group generated by the permutations g and h and PORI n is generated by POI n ∪ {g, h} [35] .
The authors gave in [22] the following description of the abelian kernels of POI n and POPI n : Theorem 3.1. Let M be any of the monoids POI n or POPI n . Then the abelian kernel of M consists of all idempotents and all elements of rank less than n − 1.
Therefore, K Ab (POPI n ) is an inverse monoid with n − 2 non-trivial J-classes, all ≤ J -comparable. Hence the maximum size of a ≤ J -chain of non-trivial J-classes of K Ab (POPI n ) is exactly n−2. Since all subgroups of K Ab (POPI n ) are abelian, by Corollary 2.2, we have Ab (K Ab (POPI n )) ≤ n − 2 and so Ab (POPI n ) ≤ n − 1. Thus, as POI n is a submonoid of POPI n , we also have Ab (POI n ) ≤ n − 1.
On the other hand, POI n−1 may be viewed as a submonoid of K Ab (POI n ) and so, by induction on n, it follows immediately that K (n−2) Ab (POI n ) contains non-idempotent elements, for n ≥ 3. Hence, Ab (POI n ) ≥ n − 1. Thus, we also have Ab (POPI n ) ≥ n − 1, by considering again POI n as a submonoid of POPI n .
We have proved:
The abelian kernels of the monoids PODI n and PORI n have been recently determined by the authors in [24] and we have not yet a complete solution for their abelian kernel lengths.
Since K Ab (PODI n ) ⊆ POI n and K Ab (PORI n ) ⊆ POPI n [24] (note that these inclusions were deduced by applying Theorem 1.2) and considering the equalities of Theorem 3.2 (observe that POI n is a submonoid of PODI n and PORI n ), we have the following bounds for the abelian kernel lengths of PODI n and PORI n :
Furthermore, when n is an even integer, since we have precisely that K Ab (PODI n ) = K Ab (POI n ) [24] , as a corollary of Theorem 3.2, we can also state: Corollary 3.3. If n is an even integer then Ab (PODI n ) = n − 1.
We have reasons to believe that previous result also holds when n is an odd integer. We may even conjecture the following stronger result:
Ab (POI n ). In fact, computations achieved with the already mentioned software [21] led to the following results:
Ab (POI 7 ), but we have not been able to prove the conjecture.
For the monoids PORI n the problem seems to be more complex and the precise value for Ab (PORI n ) is also left as an open question: our computations showed that Ab (PORI 3 ) = 2 and Ab (PORI 4 ) = 3, but Ab (PORI 5 ) = 5.
On some non-inverse monoids
We now consider the non-inverse monoids of Diagram 1: We will determine their abelian kernels, show that those not containing S n are solvable and compute their abelian kernel lengths.
We begin by considering the monoids of order-preserving transformations, i.e. the monoids O n (of full transformations) and PO n (of partial transformations). Both are generated by idempotents [42] and so we immediately have:
Moreover, O n and PO n are solvable and Ab (O n ) = 0 = Ab (PO n ).
Next, we consider the monoids containing also order-reversing transformations, namely the monoid OD n containing only full transformations and the monoid POD n containing all partial order-preserving or order-reversing transformations. As the product of two order-preserving transformations or two order-reversing transformations is an order-preserving transformation and the product of an order-preserving transformation with an orderreversing transformation, or vice-versa, is an order-reversing transformation, the monoid OD n is generated by O n ∪ {h} and the monoid POD n is generated by PO n ∪ {h} [36] , with h the order two permutation defined in the last section. Moreover, we can find generators of O n (respectively, PO n ) and relations on OD n (respectively, POD n ) satisfying the conditions of Theorem 1.2 (see [36] ). Hence,
Since K Ab (O n ) = O n and K Ab (PO n ) = PO n , we can state: Theorem 4.2. One has K Ab (OD n ) = O n and K Ab (POD n ) = PO n . Moreover, the monoids OD n and POD n are solvable and Ab (OD n ) = 1 = Ab (POD n ). Now, let PT n be the submonoid of PT n of all singular partial transformations together with the identity, i.e.
PT n = {s ∈ PT n | s = 1 or | Im(s)| ≤ n − 1}.
The submonoid T n = T n ∩ PT n of PT n (and also of T n ) is known to be generated by idempotents [41] . Since an element s ∈ PT n can be written as a product s = et, with e the restriction to Dom(s) of the identity map on X n (whence an idempotent) and t ∈ T n any extension of s, we may conclude that PT n is also generated by idempotents. Now, since the group of units of both monoids T n and PT n is the symetric group S n whose derived subgroup is the alternating group A n , we have
by Corollary 1.4. Hence:
Moreover, the monoids T n and PT n are not solvable.
As T n and PT n are generated by idempotents, they are solvable (with null abelian kernel length) although both monoids contain non-solvable groups, for n ≥ 6 (see [23] ). This is not the case of the monoids O n , PO n , OD n and POD n considered above. In fact, it is easy to show that O n and PO n are aperiodic and OD n and POD n have only cyclic groups of order less than or equal to two.
Next, we turn our attention to the monoids OP n and POP n of orientation-preserving transformations.
Consider the monoids OP n = OP n ∩ PT n and POP n = POP n ∩ PT n . First, we prove that OP n and POP n are idempotent generated. Let e 1 , e 2 , . . . , e n−1 , f 1 , f 2 , . . . , f n−1 be the transformations of X n defined by
for 1 ≤ i ≤ n − 1. Also, let g be the n-cycle as defined in the previous section. The set {e 1 , e 2 , . . . , e n−1 , f 1 , f 2 , . . . , f n−1 , g} generates OP n and Catarino [13] gave a presentation of OP n in terms of these 2n−1 generators and n 2 +2n relations (see also [31] ). Some of these relations, with particular interest for us, are the following:
Notice also that e 1 , e 2 , . . . , e n−1 , f 1 , f 2 , . . . , f n−1 are idempotents. It was also observed in [13] that the transformations e 1 and g suffice to generate OP n . Since e 1 g n−2 = g n−2 e n−1 , by relations (2), we may deduce that {e n−1 , g} also generates OP n , whence all elements of OP n , except the identity, may be written in the form
with 0 ≤ k 0 , k 1 , . . . , k t ≤ n − 1 and t ≥ 1, and so
is a set of generators of OP n . Next, notice that g k eg , with e ∈ OP n an idempotent and 0 ≤ k, ≤ n − 1 such that + k ≡ 0(modn), is an idempotent. Moreover, if e ∈ OP n is a product of idempotents then g k eg , with e ∈ OP n an idempotent and 0 ≤ k, ≤ n − 1 such that + k ≡ 0(modn), is a product of idempotents:
e n−1 = e n−1 e n−1 = e n−1 gg n−1 e n−1 = g 2 f g n−1 e n−1
and so:
(1) g n−1 e n−1 = g n−1 g 2 f g n−1 e n−1 = gf g n−1 · e n−1 ; (2) g n−2 e n−1 = g n−2 g 2 f g n−1 e n−1 = f · g n−1 e n−1 ; (3) g n−i e n−1 = g n−i g 2 f g n−1 e n−1 = g n−i+2 f g i−2 · g n−(i−1) e n−1 , for 3 ≤ i ≤ n − 1.
Thus g n−i e n−1 is a product of idempotents, for 1 ≤ i ≤ n − 1. On the other hand, we have e n−1 g n−i = e n−1 e n−1 g g n−i−1 = e n−1 g 2 f g n−i−1 = e n−1 g 2 f g n−i−1 = e n−1 g n−(i−1) · g i+1 f g n−i−1 , for 1 ≤ i ≤ n − 1. Hence e n−1 g n−i is also a product of idempotents, for 1 ≤ i ≤ n − 1. Now, since g k e n−1 g = g k e n−1 · e n−1 g , for 0 ≤ k, ≤ n − 1, we have:
Proposition 4.4. The monoid OP n is generated by idempotents.
Next, with an argument similar to the one used to show that PT n is idempotent generated, we prove that POP n is also generated by idempotents.
Let s ∈ POP n and suppose that Dom(s) = {i 1 < i 2 < · · · < i k } (0 ≤ k < n). Define e as the restriction to Dom(s) of the identity map on X n . Then e is an idempotent belonging to POP n . Next, define a full map t on X n by
Then t ∈ OP n and s = et. Hence, by Proposition 4.4, we have: Proposition 4.5. The monoid POP n is generated by idempotents. Now, since the group of units of both monoids OP n and POP n is C n , the cyclic group of order n generated by g (see [13, 11, 36] ), whose derived subgroup is trivial, we have K Ab (OP n ) ∩ C n = {1} = K Ab (POP n ) ∩ C n by Corollary 1.4. Hence: Theorem 4.6. One has K Ab (OP n ) = OP n and K Ab (POP n ) = POP n . Moreover, the monoids OP n and POP n are solvable and Ab (OP n ) = 1 = Ab (POP n ).
Finally, for n ≥ 3, we consider the monoids OR n and POR n of orientation-preserving or orientation-reversing transformations. Analogously to OD n , the monoid OR n is generated by OP n ∪{h} and the monoid POR n is generated by POP n ∪ {h} [11, 36] , with h the order two permutation defined in the previous section. Moreover, we can find generators of OP n (respectively, POP n ) and relations on OR n (respectively, POR n ) satisfying the conditions of Theorem 1.2 (see [11, 36] ). Hence, K Ab (OR n ) ⊆ OP n and K Ab (POR n ) ⊆ POP n .
On the other hand, in both cases the group of units is the order 2n dihedral group (generated by g and h [11, 36] ), whose derived subgroup is the cyclic group g 2 generated by g 2 . By applying Corollary 1.4 together with previous observations and Theorem 4.6, we obtain: Theorem 4.7. One has K Ab (OR n ) = OP n ∪ g 2 , K
Ab (OR n ) = OP n , K Ab (POR n ) = POP n ∪ g 2 and K
Ab (POR n ) = POP n . Moreover, OR n and POR n are solvable monoids and Ab (OP n ) = 2 = Ab (POP n ).
